When high-energy single-hadron production takes place inside an identified jet, there are important correlations between the fragmentation and phase-space cuts. For example, when one-hadron yields are measured in on-resonance B-factory data, a cut on the thrust event shape T is required to remove the large b-quark contribution. This leads to a dijet final state restriction for the light-quark fragmentation process. Here we complete our analysis of unpolarized fragmentation of (light) quarks and gluons to a light hadron h with energy fraction z in e + e − → dijet + h at the center-of-mass energy Q = 10.58 GeV. In addition to the next-to-next-to-leading order resummation of logarithms of 1 − T , we include the next-to-leading order (NLO) nonsingular O(1 − T ) contribution to the cross section, the resummation of threshold logarithms of 1 − z, and the leading nonperturbative contribution to the soft function. Our results for the correlations between fragmentation and the thrust cut are presented in a way that can be directly tested against B-factory data. These correlations are also observed in Pythia, but are surprisingly smaller at NLO.
I. INTRODUCTION
Hard QCD interactions give rise to highly virtual partons that evolve by emitting radiation, until they hadronize into the nonperturbative states we observe. The QCD process underlying hadron "fragmentation" has not been as well quantified as jet production or deep-inelastic scattering (DIS), making this an active area of research. Understanding parton fragmentation clearly extends the set of reactions that can be handled within a perturbative QCD approach. Applications include, for example, the investigation of the spin structure of the nucleon in semi-inclusive DIS [1, 2] and the study of hadron production at high p T in pp collisions [3, 4] which is crucial to determine more accurately the relative suppression of hadron spectra (jet quenching) seen in heavy-ion collisions. In general, for many such applications additional cuts on the hadronic final state may be required to reduce the background from other processes, to help identify underlying partonic structures (see e.g. refs. [5, 6] ).
A key observation is that the fragmentation process involves physics at well-separated energy scales. It has been shown that high-energy processes with an observed hadron in the final state can be described by factorizing the short-distance (partonic) physics associated with the hard scale Q, which is perturbatively calculable in QCD, from (universal) nonperturbative long-distance contributions, see e.g. ref. [7] . At leading power in Λ QCD /Q, the (unpolarized) fragmentation functions (FFs) D h i (z, µ) [8, 9] encode the information on the nonperturbative transition from an energetic parton i = {g, u,ū, d, . . . } to a hadron h, which carries a fraction z of its energy 1 , plus a remainder X. The knowledge of both perturbative and nonperturbative ingredients in factorization theorems is crucial to obtain theoretical predictions. Unpolarized FFs, for example, serve as an input to extract the flavor-separated helicity distributions from spin asymmetries observed in polarized semi-inclusive processes [10, 11] .
Parameterizations for the spin-averaged FFs have been constrained by fitting to data for single-inclusive charged hadron production in e + e − at next-to-leading order (NLO) in perturbation theory [12] [13] [14] . More recently, global analyses have been performed to incorporate also semi-inclusive deep-inelastic scattering and/or pp, pp data from HERA, RHIC and the Tevatron [15] [16] [17] . To illustrate the current level of accuracy, the dominant D π + u (z, µ = m Z ) is determined with uncertainties at the 10% level for z 0.5 [14] . The FFs of the gluon and the non-valence quarks are known even less accurately.
The inclusion of high-statistics B-factory data in fragmentation function analyses will significantly improve the precision with which these are extracted. Most of the e + e − data is so far at Q = m Z and phenomenological input at a different scale will give access to the gluon FF via mixing with the quark FFs in the renormalization group evolution. The Belle collaboration has very recently analyzed hadron multiplicities in off-resonance data [18] , which can be used to extract fragmentation functions. If on-resonance data were also analyzed, a cut on thrust T would be needed to remove the large b-quark background. This was carried out in ref. [19] for the Collins effect and has been considered to study unpolarized fragmentation as well [20] . The thrust event shape variable is defined as [21] 
where the sum is over all final-state particles. More precisely, it is found that a thrust cut of τ = 1 − T < 0.2 removes 98% of the B data leaving the thrust distribution dominated by the fragmentation of light (u, d, s) and charmed quark pairs [19] . With this cut the hadronic final state is given by back-to-back jets. In refs. [22] [23] [24] [25] we developed the theoretical framework to study the fragmentation of a light parton into a light hadron h inside an identified jet. With "identified" we refer to jets determined either through an event shape like thrust [22, 23] or via a jet algorithm [6, 25] . Our analysis provides the theoretical tools for a more exclusive study of fragmentation than is currently done, which is suitable for processes where additional cuts on the hadronic final states are imposed, such as the Belle proposal in ref. [19] . We focus on the spin-averaged case since our main purpose here is to provide the tools for a straightforward test of our framework against high-statistics on-resonance B-factory data. We expect that a generalization of our formalism to study the azimuthal asymmetric distribution of hadrons inside an identified high energy jet can lead to interesting applications in the context of spin-dependent fragmentation [26] [27] [28] .
Our framework allows us to calculate the non-trivial correlations between the thrust cut τ c and the energy fraction z in the observed cross section for e + e − → dijet + h. Due to these correlations, the thrust cut modifies the shape in z. As already shown in the preliminary study of ref. [23] , where we resummed the logarithms α n s ln m τ to next-to-nextto-leading logarithmic accuracy (NNLL), the effect is expected to be sizable and important for the analysis of data on the Υ(4S). Here we improve our study in ref. [23] by including the NLO nonsingular contribution to the cross section, the resummation of threshold logarithms of 1 − z and the leading nonperturbative correction to the thrust soft function, which are discussed in sec. II.
The correlations we obtain from our new analysis are shown in the left panel of fig. 1 for various thrust cuts τ c , including the theoretical (perturbative) uncertainties. As can be seen there, the effect of the thrust cut τ c is much stronger in the small z region than in the large z region. This has a straightforward physical explanation: for larger values of z, most of the jet energy is carried by the observed hadron, causing the jet to be more collimated and less affected by the thrust cut. In particular, for z ≥ 1 − τ c , the cross section is unaffected by the thrust cut. On comparison with the right panel, we see that the effect we find is fully compatible with the outcome of the Pythia event generator [29, 30] based on leading logarithmic parton showering and the Lund string fragmentation model 2 . We stress that the plot in the left panel has been obtained from our purely perturbative calculation, taking only the + e − → dijet + h: The (green) vertex denotes the hard interaction H, the (blue/dark) jets are described by J and Jij (the latter for the jet in which the hadron is observed), the fragmentation j → h is described by the fragmentation function D h j and the effects of the (yellow/light) soft radiation are contained in S.
phenomenological parameterization of the universal D π + i in ref. [14] as input. There we also show the correlations that we obtain at NLO (dotted curves), which are much smaller. Presumably, the single additional emission at NLO is insufficient to reliably describe this doubly-differential cross section, compared to the multiple emissions in our resummed calculation and in Pythia.
The paper is organized as follows. In sec. II we briefly review our theoretical framework, where we describe the updates of our analysis compared to our previous work in ref. [23] . In sec. III we discuss the features of the zspectrum and τ -spectrum and illustrate the effect of the different ingredients of our calculation. In sec. IV we propose a first quantitative analysis of correlations between z and τ c which can be straightforwardly tested on Belle data. All the necessary theoretical input for this moment-space analysis is collected in app. C. App. A contains the details of the calculation of the NLO nonsingular contribution to the cross section. A detailed discussion of our choice of renormalization scales, as well as the scale variations used to estimate the perturbative uncertainties, is given in app. B.
II. CALCULATING CORRELATIONS BETWEEN THRUST AND z IN
We focus on the case of spin-averaged fragmentation in e + e − → dijet + h where one restricts to the dijet limit by a cut on thrust. Starting from the well-known factorization theorem for the inclusive measurement of thrust [31] [32] [33] [34] , we obtained in refs. [22, 23] a factorization theorem for the observed cross section at leading power in Λ QCD /Q, which has this form:
where Q is the center-of-mass energy. The D h j (x) denote the standard, unpolarized fragmentation functions, which describe the hadronization j → h(x) at leading power. The index j runs over all parton flavors, including the gluon. The coefficients C j are calculable in perturbation theory and contain double logarithms of τ c , α n s ln m τ c (m ≤ 2n), and "threshold" logarithms of 1 − z. Our setup enables us to resum all these large logarithms in the dijet region of the thrust distribution. This is necessary to achieve perturbative convergence with small uncertainties in C j when τ c 0.2 and when z 0.5, as we will show in sec. III. The scale µ in eq. (2) is arbitrary, but must be chosen to be the same in C j and D h j . We obtained the expression for C j by exploiting factorization in the framework of soft-collinear effective theory [35] [36] [37] [38] . The underlying idea is that dynamics at well-separated scales combine incoherently, allowing one to factorize their contributions to the cross section. In the dijet region, the relevant subprocesses are illustrated in fig. 2 . Specifically, we distinguish the scale Q for the hard collision e + e − → qq, the scale √ τ c Q for the jet production (showering), the scale τ c Q associated with the soft radiation between the jets, and the scale Λ QCD at which hadronization takes place. The coefficients C j (τ c , Q 2 , x/z, µ) are given by the convolution of functions encoding the effects at these different perturbative scales plus a nonsingular piece which contains contributions that do not factor in this way. In detail,
Here σ q 0 is the tree-level cross section for the electroweak process e + e − → (γ , Z) → qq, which depends on the quark flavor. H is the hard function that encodes virtual corrections to the production of thepair at the hard scale µ H Q. It is given by the square of the Wilson coefficient in the matching of the quark current from QCD onto SCET:
In order to improve convergence, we resum the large π 2 -terms that arise here by taking µ H = −iQ [39] [40] [41] [42] . The collinear contributions to the invariant masses of the jets are denoted by s a and s b , and combine with the contribution from soft radiation to give the thrust τ . This leads to the convolution in eq. (3). The perturbative coefficients J ij describe the emissions from the parent parton building up the jet within which the hadron h fragments. The invariant mass distribution of the jet in the hemisphere opposite to h is described by the (perturbative) inclusive jet function J j . Both functions are characterized by the scale µ J √ τ Q. Since it is not known whether the observed hadron h fragmented from the quark or the antiquark jet, in eq. (3) we sum over both possibilities. The soft function S τ describes the contribution to thrust due to soft parton emissions. It is defined through the vacuum matrix element of eikonal Wilson lines and the corresponding soft scale is µ S τ Q.
In ref. [23] we calculated the quark and gluon J ij 's at one loop (the results are partly contained also in ref. [43] ) and this enabled us to analyze the cross section in eq. (2) up to NNLL since H and J j are already known in the literature to the relevant accuracy. The J ij 's contain plus distributions in s i /µ 2 J , which lead to double logarithms after the integral over s i . As pointed out in ref. [25] the threshold logarithms in 1 − z appearing in J ij can simultaneously be resummed through an appropriate choice of µ J .
Finally, the coefficient C ns j contains the terms of the NLO cross section that are not enhanced by logarithms of τ , and is O(τ ) suppressed. The calculation of the nonsingular contribution to d 2 σ h /(dτ dz) at NLO is discussed in detail in app. A and its numerical effects are shown in sec. III. Lastly, we stress that since fragmentation takes place inside a (hemisphere) jet of invariant mass of order τ c Q 2 , the momentum fraction z cannot be too small, to avoid contributions from soft hadrons that are not to be associated with the jet, which originates from an energetic (anti)quark. The hadron momentum must therefore be larger than the soft scale, implying z τ c . As we just discussed, the factorization in eq. (3) enables the resummation of logarithms of τ and 1 − z, as well as large π 2 -terms in H, which is accomplished by evaluating H, J ij , J j and S τ at their natural scales and using their respective RGEs to evolve them to a common scale µ. We have made improvements in our choice of scales compared to our earlier work in ref. [23] . Specifically, we resum threshold logarithms and take the kinematic upper bound τ ≤ 1 − z into account. A detailed discussion of our choice for the running scales is contained in app. B.
We now comment on the various corrections in eq. (3). There are corrections of order Λ
] associated with the J ij 's. These coefficients describe the emissions from the parent parton (here a quark) at large virtualities building up the jet in which the hadron is identified. The associated corrections get sizable if the jet invariant mass gets small. In our plots in sec. III we have included the leading nonperturbative contribution to S τ , according to the analysis in ref. [44] , which pushes the nonperturbative corrections to the soft function to order Λ 2 QCD /(τ c Q) 2 , as indicated in eq. (3). These nonperturbative corrections become large for small τ c , up to about 15% for τ c = 0.15. We therefore need τ c to be not too small. Quark and hadron masses are treated as negligible in our calculation, and we briefly comment on the size of the corresponding kinematic corrections. The corrections due to the hadron mass m h are of order m 2 h /(z 2 Q 2 ) [45] . For light hadrons, like pions and kaons, they are indeed negligible in the region where our framework can be applied. In the plots of sec. III, we restrict q in eq. (3) to be u, d, s. The correction due to the charm mass is expected to be of order m 2 c /(τ c Q 2 ) when charm is a valence quark, which is less significant than the other corrections to eq. (3). If the hadron h does not contain a charm valence quark, the only contribution to eq. (2) that does not get further suppressed by the smallness of the corresponding FF, is the one involving D h g .
III. NUMERICAL ANALYSIS FOR e
+ e − → dijet + π + Here we illustrate our key results for the cross section in e + e − → dijet + π + , given in eq. with two-loop running, matching continuously across the quark thresholds 4 . In our analysis we do not include the effects of the uncertainties associated with α s (m Z ) or with the FF parameters. Therefore we stress that the bands shown in our plots correspond only to the perturbative uncertainties obtained from scale variations, as explained in app. B.
We have made the following improvements with respect to the plots shown in ref. (b) We resum the threshold logarithms of 1 − z according to our ref. [25] , where we introduced a joint resummation of these logarithms and those in τ c (suitable for values of τ c in the range of interest for a test with Belle data). As described in app. B, this is accomplished through the choice of the renormalization scale for J ij . These effects are expected to play a role for z 0.5.
(c) The leading Λ QCD /(Qτ ) power correction in dσ/dτ is known to be a shift [46] [47] [48] [49] . This may be seen by performing the operator product expansion on S τ [44]
where S part τ is the partonic soft function andΩ 1 is a nonperturbative matrix element in the MS scheme. Inserting the second expression in eq. (3), this leads to a shift in the thrust distribution τ c → τ c − 2Ω 1 /Q. Its effect is most prominent at small τ c . From the analysis in ref. [44] ,Ω 1 = 0.252 GeV.
In figs. 3 and 4 the effects of the thrust cut and our resummations are illustrated for fixed values of z. As the cut becomes stronger (i.e. for smaller τ c ) the cross section gets reduced, and by a larger amount in the case of our resummed calculation. For τ c 0.2 our resummed result starts to differ from the leading order (LO) and NLO results, showing the effect of the resummation of double logarithms of τ c and the leading nonperturbative correction. The nonsingular NLO correction is singled out in fig. 4 , where we switch off both the threshold resummation and the resummation of π 2 -terms in the hard factor H of eq. (3). The nonsingular contribution is not large, but it causes our resummed calculation to merge with the NLO in the τ c → 0.5 region where resummation is unimportant, and removes an unphysical decrease of the integrated cross section for large values of τ c . When we include threshold and π 2 resummation, we should also include them in the nonsingular contribution to the cross section, to preserve the above properties. Following ref. [50] , in our analysis we estimate the effect of π 2 resummation in the nonsingular piece (which is formally of higher order in α s ) by simply multiplying it by the corresponding evolution factor of the hard function U H (Q 2 , µ H , |µ H |), given in eq. (C.7) of ref. [23] . We have not attempted to resum the threshold logarithms in the nonsingular contribution, so our calculation does not reliably describe the region where both τ and z are large.
Next, we look at the effect of the thrust cut on the z spectrum ("the shape of the fragmentation function"), which is shown in figs. 5 and 6 for the default value τ c = 0.2. In fig. 5 we compare our resummed result at next-to-leading logarithmic order (NLL) and NNLL+NLO with and without threshold resummation. Comparing the two cases, our plot shows no difference concerning the quality of the convergence patterns and the size of the uncertainty bands. As was shown in ref. [25] , the resummation of threshold logarithms is important for z 0.5. Since this resummation reduces the already small jet scale, nonperturbative corrections are more sizable and the improvement from threshold resummation is marginal, at variance with the dramatic effect in ref. [25] .
In fig. 6 we compare our LO, NLL and NNLL+NLO curves with the NLO result, which is independent of τ c . The differences between the shape in z depend on both the thrust cut and the order in (resummed) perturbation theory. As is clear from fig. 1 , we also find correlations between τ c and z.
IV. TESTING τ c -z CORRELATIONS IN BELLE DATA
In fig. 1 and sec. III we showed that the thrust cut has a sizable, calculable effect on the spectrum of the fragmentation variable z. Our framework allows one to easily check this in the Belle data. For a first quantitative analysis, we propose working in moment space, where eq. (2) simplifies to
At variance with eq. (2), we use the notation j = q, g by defining
with Q u = 2/3 and Q d = −1/3 the electric charges of the up-and down-type quarks. In app. C we collect our numerical values forC j (τ c , N, Q = 10.58 GeV, µ = 1 GeV) in nanobarns for j = q, g, τ c = 0.15, 0.16, . . . , 0.2 and N = 3, 4, . . . , 8, at NNLL+NLO. We use α s (m Z ) = 0.118 and three-loop running 5 , and employ two-loop splitting functions [51] [52] [53] to evolve to µ = 1 GeV. We provide a different set of coefficients for each of the independent scale variations in app. B, which allows one to take correlations between the uncertainties into account.
Apart from the different electric charges for the up-and down-type quarks, the difference betweenC u andC d is less than one percent. Thus the thrust cut is not sensitive to flavor-separated FFs since it involves only the combination in eq. (8) . In contrast, varying the thrust cut allows one to be sensitive to the separate gluon contribution. However, at the scale µ = 1 GeV, which is the input scale for fragmentation functions, this contribution to the cross section is small and dominated by uncertainties.
Taking as input the momentsD q (N, µ = 1 GeV) from the available phenomenological parameterization of the FFs together with the numbers in table II, eq. (6) can be directly compared with the Belle spectra. We stress that our formalism can be more stringently tested by using data at different τ c . Note that Mellin moment methods have been used in analyzing fragmentation functions before [15, 16] . Experimentally, using moments has the disadvantage that they can be sensitive to the problematic z 0.2 region, and the z 0.9 region, where the experimental uncertainties are large [54] . The relative contribution of these regions to the moments of D fig. 7 . This is why we restricted ourselves here to moments in the range 3 ≤ N ≤ 8. In addition, the thrust cut should neither be too soft (contamination with b quarks) nor too strong (reduced signal). As we explained in sec. II, the requirements for our calculation to be under theoretical control are similar. 
V. CONCLUSIONS
We have studied the cross section for fragmentation with a thrust cut in a formalism that can easily be tested in high-statistics on-resonance B-factory data. The shape of the cross section in z is altered beyond LO and includes a τ -dependent contribution. The correlation between τ and z found in our resummed calculation is consistent with Pythia as well, but is much smaller at NLO. Our plots in secs. I and III and the discussion in sec. IV provide the starting point for a quantitative check of this effects and of our resummations. We emphasize that binning the data in τ c allows one to study the correlations in τ c and z, and leads to more stringent tests.
We obtain the NLO nonsingular correction to the cross section for e + e − → dijet + h, by subtracting the singular ln m τ c terms from the full NLO calculation. The singular NLO can directly be obtained from our resummed calculation in eq. (3), so we start by calculating the full NLO cross section.
The easiest way to obtain the fragmentation cross section with a thrust cut at NLO is
The first term on the right-hand side is the cross section without a thrust cut, which was calculated at NLO a long time ago [52, 53, 55] dσ
The tree-level cross section σ (0) = 4πα 2 N c /(3q 2 ) and the splitting functions are given by [56] P(z) = 1 + z
The second term in eq. (A1) is described by a factorization theorem very similar to eq. (A2)
At NLO the thrust cut removes any regions of phase-space involving divergences and only the real radiation contributes,
We now arrive at the nonsingular cross section by subtracting the singular cross section, which can directly be obtained from our resummed calculation in eq. (3) by choosing the renormalization scale of all the objects equal to µ. In fig. 8 the NLO cross section for z = 0.2 and z = 0.8 is shown separated into its singular and nonsingular contribution. A first cross-check of our calculation is provided by the fact that the nonsingular piece is finite in the τ → 0 limit, whereas both the full NLO and the singular piece diverge. The contribution of the nonsingular to the total cross section is suppressed for small τ by O(τ ). However, for larger values of τ its contribution becomes more important, and above the NLO kinematic threshold τ ≥ min{1/3, 1 − z} the total cross section vanishes and the singular and nonsingular exactly cancel each other. In this region the inclusion of the nonsingular is essential to avoid a negative differential cross section in τ or, equivalently, an unphysical turn-over in the cross section integrated up to τ ≤ τ c .
Variation eH eJ eS Interpretation We complete our description by specifying our choice for the parameters of the profile function in eq. (B2). Our central value corresponds to:
e H = 1 , e J = e S = 0 , µ 0 = 2 GeV , r 1 = 4 GeV Q , r 2 = 0.5 , r 3 = 1 .
As mentioned before, we estimate the perturbative uncertainties by a combination of separate scale variations, which are listed in table I. In our cross section plots we add in quadrature the upward and downward variations, which we, respectively, determine as the largest and smallest value of the cross section obtained by looking at the pairs of variations for the hard scale, the jet scale and the soft scale. In the tables in app. C we give results for all the separate scale variations, allowing one to take correlations in the uncertainties into account.
Appendix C: Perturbative coefficients Cj in moment space
In this appendix we give numerical results for the coefficients in eq. (6) at NNLL+NLO. Table II contains the results forC q andC g . For each of the independent scale variations in table I there is a separate set ofC j , labelled by the number in the first column.
